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Abstract— Wireless networks with a minimum inter-node sepa- a take-off. They are of interest not only in ad hoc wireless

ration distance are studied where the signal attenuation grows in networks [1], but also in mesh networks [2], [3], sensor
: TS T

magnitude as —5 with distance p. Two performance measures networks [4], [5], [6], and the emerging field of control over

of wireless networks are analyzed. The transport capacity is |, . . :
the supremum of the fotal distance-rate products that can be wireless networks [7]. It is of importance to understand what

supported by the network. The energy cost of information Such netWO”fS are Capable of.§l'Jpporting, and how to operate
transport is the infimum of the ratio of the transmission energies them to maximize their capabilities.

used by all the nodes to the number of bit-meters of information For the communication functionality, a fundamental ques-
thereby transported. tion is: How much information can a wireless network trans-

If the phases of the attenuations between node pairs are . . .
uniformly %nd independently distributed, it is shown tﬁat the Port? To answer this question, one naturally turns to the field of

expected transport capacity is upper bounded by a multiple of nformation Theory. Howevenetworkinformation theory for
the total of the transmission powers of all the nodes, whenever communication channels with multiple users is an area where
0 > 2 for two-dimensional networks or § > %for one-dimensional even several simple scenarios, such as the relay channel and
”ﬁ;";ce’;ksfi :VGfTJ”if Cﬂgrﬁ?}ilr‘;’t‘i‘fg ihna;;?mfgtlilolr(lnﬂ\;vlgﬁgr?ogfesa"hg\]/i the interference channel, have not been completely solved [8,
gn indi\,/iduai power constraint, the expected transport capacity Chapter 14]_’ even though there has been Succes_s with respect
grows at most linearly in the number of nodes due to the linear 0 the multiple access channel and the Gaussian broadcast
growth of the total power. This establishes the best case order channel.
of expected transport capacity for these ranges of path-loss In a previous paper [9], the capacity of wireless networks
exponents since linear scaling is also feasible. was studied under technological models where interference
If the phases of the attenuations are arbitrary, it is shown . . . .
that the transport capacity is upper bounded by a multiple of 9IVES rise to coII|S|0ns_. It was shown that Fhe capablllty (_)f a
the total transmission power whenevew > 2 for two-dimensional ~ Wireless network manifests itself not only in the information
networks or § > 2 for one-dimensional networks, even if all the transmissionrate, but also in the information transmission
nodes have full channel state information. This shows that there is distance To reflect this, the concept dfansport capacity
”‘fdfhEd abPOSitive energy cost WhitChtiSI't“O less that';lthf reci_[t)_rocal was introduced to account for the total rate-distance product
0 € above multuplicative constant. narrows e transition . PP : o .
regime where the Eehavior is still open, since it is known that (in the unit “bit-metersftime unit )_ that a wireless network
when § < 2 for two-dimensional networks, or § < 1 for one- Can support. One key result obtained was that the transport
dimensional networks, the transport capacity cannot generally capacity of a wireless network grows at most like the square
be bounded by any multiple of the total transmit power. root of the product of the area of the network and the
Index Terms— Ad hoc networks, capacity of wireless networks, number of the nodes. Another was that if the node locations
cut-set bound, max-flow min-cut bound, multi-user information are random, and every node chooses a random destination
theory, network information theory, scaling laws, transport for its originating traffic, then, as the number of nodes
capacity, wireless networks. increases, there is a sharp cutoficf nllog_n) for the uniform
rate that can be supported for every such source-destination
pair. The scaling laws obtained in [9] were however not
Wireless networks formed by nodes with radios are @nclusive due to the restrictive models studied, which do not
subject of much topical interest, and may be at the cusp @ver technologies such as successive interference cancellation
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I. INTRODUCTION



above, it was incorporated into the model not only through In all these works [10], [11], [12], the information-
making explicit the distances between nodes, but also throudleoretical tool used to prove the upper bounds is the cut-set
explicitly modeling the attenuation of signals with distancbound, which is also known as the max-flow min-cut bound;
p by the factor<~. To reflect antenna considerations, aee [8, Section 14.10] for a general formulation in terms of
minimum separation distance between nodes was presuntadiual informations. For the specific application to wireless
which also avoids singularities at= 0. A fundamental result networks, a formula in terms of powers was presented in [10].
established in [10] is that the transport capacity is alwaysEssentially, the cut-set bound is an application of Fano’s
upper bounded by a multiple of the total power used by tHeequality to the network scenario. It is known that Fano’s
transmissions of all the nodes in the network, provided that theequality provides a tight upper bound on the rate achievable
signals are attenuated sufficiently with distance. This multipfeom one source to one destination. For a network with
thus corresponds to the maximum bit-meters of transpanultiple nodes, the idea is to dissect it into two sets, with
that a network can deliver per unit energy consumed lone regarded as the virtual “source” and the other as the
transmissions. It was shown that either> 0, or v = 0 but virtual “destination.” Then by Fano’s Inequality, one can bound
o > 3, was sufficient for the existence of such a energy coite total rates achievable from the nodes in the “source” set
per unit transport, whiley > 0, or v = 0 but § > 2, was to the nodes in the “destination” set. However, this bound
sufficient for linear networks where the nodes are arrangedno longer tight, unless all the nodes in the “source” set
along a line. On the other hand, counterexamples were afstn cooperate in the encoding, and also all the nodes in the
provided of multiple relay networks to show thatjif= 0 but “destination” set can cooperate in the decoding, which are both
§ < 2 for two-dimensional networks, o = 0 but § < 1 generally not feasible.

for one-dimensional networks, then the transport capacity canHowever, up to now, the cut-set bound appears to be the only
indeed be unbounded even with bounded total transmissigeneral tool that can be used for establishing upper bounds
power. on the capacity of networks. Nevertheless, one can obtain

For wireless networks where each node has the same cd@rper bounds and thus tighter results by considering mul-
straint on its transmission power, the above result immediatdile cuts through the networkimultaneouslySince multiple
establishes a linear scaling law for the transport capacifjngle cuts considered separately may not be all maximized
since the total transmission power itself grows linearly in themultaneouslywith the same distribution of the inputs, such
number of nodes. This is a slight sharpening of, but in essenfafut-set bound with multiple cuts is generally tighter than a
conformity with, theO (v/An ) scaling law established in [9], simple comt_)lnatlon of multiple single cut-set _bound;. In this

. . L paper, we will employ such a cut-set bound with multiple cuts
since the area of the domain grows at least likevith a

minimum inter-node spacing. Since linear scaling is in fa<t:? get tighter bounds on transport capacity. Besides, we will

: . . .r;])rove that for Gaussian wireless networks, a joint Gaussian
achievable, as constructively shown in [9], and that too USINGL s oot . . )
. . . tribution of the inputs achieves the maximum for the cut-
only simple decode-and-forward multiple hopping where at . :
: ; ) et bound with multiple cuts.
each hop all concurrent interference is treated as noise, ﬁweA ; .
o -7 “Actually, a two-cut version of the cut-set bound with mul-
optimality of the order of the best case transport capacity is . :
: . o tlgle cuts has appeared in [13], where it was used to prove
thus established for the range of attenuations where this Iln?hr . : :
L . . e converse for the capacity of physically degraded Gaussian
scaling is established. Note that this also proves that the abovre . :
: ) . ) : ... relay channels. Later on, another two-cut version was applied
architecture for information transport is optimal to within a . :
in [14, Chapter 2] to get tighter upper bounds on the capacity
constant factor. .
i o ] of Gaussian parallel relay channels.

Thus interest centers on determining precisely for whatn this paper, we will first present a general formula for the
range of path loss exponenis(with 4 = 0) linear scaling cyt-set bound with multiple cuts in Section Ill, where, more
of transport capacity can indeed be established. From figyortantly for the treatment of Gaussian wireless networks,
aforementioned results of [10], there is a gaps § < 3 for  we will prove the optimality of a joint Gaussian distribution of
two-dimensional networks, and< ¢ < 2 for one-dimensional the inputs. Applications of the cut-set bound with multiple cuts
networks, where the scaling law behavior is unknown. In @ one-dimensional and two-dimensional networks are made in
subsequent work [11], an improvement was made, and it Wggctions IV and V respectively. Two cases are treated. Assum-
proved thaty > 3 for two-dimensional networks andl > 5 ing random phases of the signal attenuations (but assuming
for one-dimensional networks, were also sufficient for linegpat they are known to all the transmitters and receivers, i.e.,
scaling to hold. full channel state information available at all nodes), we prove

Instead of transport capacity, the average rate per comntinat § > 2 for two-dimensional networks, anfl> g for one-
nication pair was examined in [12]. It was shown that in dimensional networks, are sufficient for establishing that the
network with sufficiently many randomly chosen communicaxpected transport capacity is upper bounded by a multiple of
tion pairs, this average rate tends to zero as the numbertlod total of the transmissions of all the nodes. If nodes are
nodes in the network grows to infinity. For this result, theach subject to an individual power constraint, then it follows
required attenuation exponefitis much smallerd > 1 for that the expected transport capacity scales at best linearly in
two-dimensional networks and > % for one-dimensional the number of nodes. This is sharp in the best case since
networks) compared with that needed for linear scaling of thieear scaling is indeed feasible for the transport capacity.

transport capacity. In the case that the phases are arbitrary, then uniformly for




all realizations of the phases, the transport capacity is upper R; := E{e; s—iy Be- (Note thatWV; =0 andR; = 0 if
bounded by a multiple of the total of the transmission powers  no traffic originates at nodg). B

if § > 2 for two-dimensional networks of > 2 for one-  2) Functionsf;; : C*! x {1,2,...,2TH%} — Clt =
dimensional networks, even if all nodes have full information 1,2,...,T, for nodei =1,2,...,n, such that

on the states of all the channels. Thus there is indeed a minimal

positive energy cost per bit-meter of information transport. Xi(t) = fiu(Yi(1),...,Yi(t — 1), W;),
This narrows the attenuation regime where the behavior is still t=1,2,...,T;
unknown, to the interval of path loss exponegts< § < 2 _

for two-dimensional networks, and tb < § < 2 for one- with

dimensional networks, since for valuessdbelow these ranges X,;(1) = 0 for nodes withR; = 0,

it has been shown that there are networks whose infimum of

energy costs per bit-meter of transport is indeed zero. We also  gych that the following power constraints hold:

show that unless one can improve on the bound following

from the multiple cuts, one cannot establish linear scaling in 1 Z

this unknown region. TZHXi(t)HQ < P, as., forieN. (4)
t=1

II. MODEL AND DEFINITIONS . . e
3) Decoding functionsg, : CT x {1,2,...,27R%} —

Consider a wireless network consisting @fnodesN = {1,2,...,2TR} for £ = 1,2,...,n(n — 1).
{1,2,...,n}. Let X;(t) € C' or Y;(t) € C' respectively  4) The average probability of error:
denote the signal sent or received by Nade A/ at the time

instantt = 1,2, .... Each node receives a measurement that P = Prob((Wl,Wg,...,Wm) (5)
is an attenuated and superposed combination of all the other £ (Wi, W, W ))
transmissions and white Gaussian noise: b2 M
Yi(t) = gis X)) + Z3(),  ViEN, =172 where Wy = g(Y{ Wa), with Yj =
L‘,;N (Yde(l),de(Q),...,Ydl(T)).
1F]

@ Definition 2.2: A rate vector (Ry,..., R,,—1)) is said
Here {g;; € C! : i # j} denote the signal attenuationt® be achievablefor the n(n — 1) source-destination pairs
gains, andZ;(t) are zero-mean complex Gaussian noise withse;d¢),¢ = 1,...,n(n — 1)}, with the power con-
independent, equal variance real and imaginary parts. For e§fgints {F;, i € N}, if Tthere exists a sequence of
i, {Z:(t),t = 1,2,...} are iid, and for different or ¢, ((2"™,..., 27 Fn0=0) T, P™) codes with power con-
{Z;(t)} are independent of each other. straints{P;, i € N'} such thatP!”) — 0 asT — oo.
It is convenient to define the gain matrix The above definitions are presented in the context of the

separate power constrain{s’;, ¢ € N} for the n nodes.

g1 912 Iin However, if a total power constrainPi, Of @ common
o | P 922 92,1 (2) individual power constrainFing, is imposed, then one simply
: ST needs to replace the constraints (4) by
gn,1 YGn2 9n,n T
. . . 1
with ¢;; := 0 for all zT: 1,...,n, and to d(;flne vectors TZZ IX(D? < Pogl, as. 6)
X = (X1, Xs,...,X,)", Y = (V1,Y,,...,Y,)" andZ = t=1ieN
(Z1,Z,...,Z,)T. Then (1) can be put into a compact form:
or
Y(t)=G"X(t)+ Z(1), t=12,... 3)

T
Next, we recall the definition of the transport capacity of %Z X < Png, as., forieN, (7)
a wireless network [10]. For this, we gather together the t=1
by now pro-forma standard definitions of information theoql
including codes with power constraint, the probability of error,
achievable rates, etc., for wireless networks.

Definition 2.1: Consider a wireless network aof nodes.

nd correspondingly modify the rest of the definitions.
Above, we have not considered node locations, or even
distances between nodes. Lgtdenote the distance between
sources, and destination,, in the /-th source-destination pair

Let {(s¢,d¢), ¢ = 1,...,n(n — 1)}, be a listing of )
the n(n — 1) possible source-destination pairs. Then e £ _ _
((2TR1 9T Rn(n-1)) T P(T)) code with power con- Definition 2.3: The transport capacityof a wireless net-
straints{P;, i € N'}, consists of the following: work is defined as
1) Independent random variabl€$V, : 1 < ¢ < n(n — n(n—1)
1)}, with P(Wy = ki) = 5 for every k, € Cr = sup > Ri-pe

{1,2,...,2TR} et W; == {W, : s, = i} and (Ri,....Rp(n—1)) aChievable 3=



[1. ACUT-SET BOUND WITH MULTIPLE CUTS Proof: An application of Corollary 3.1 gives
Let S be any subset of the nodeg in the network and -1

denote its complement bgc = N — S. Let R be the Za R < (o )Zal (X1, X (13)
summation of all the achievable rates with the sourceSin =1 b
and the destination i5¢. Then by [8, Theorem 14.10.1], we Yigr, oo Yol Xigr, ..o, Xn).
have . . By the model (1), forany =1,...,n — 1,
RY < max I(X®;y9x) (8)
P(T1;e0sTn) I<X17"'7Xi;}/;+1a"'7Yn|Xi+l7~-~7Xn)
where X% = {X;, i € S}, andY ), X5 are similarly = h(Yit1,. .., Yo|Xiv1,. .., Xn)
defined.
. . , —h(Yiets o Yol X1y, X
One can also consider multiple cuts of the network simul- (¥irs X )
taneously, to obtain the following corollary. N (22—1 Gis1 Xk + Zig1, ..o
Corollary 3.1: Considering multiple subset$, Cc NV, k = a ;
1,2..., K, simultaneously, we have the following bound: D ket G Xk + Zn| Xig1, ... 7Xn)
K _h(Zi+1a~~-7Zn)
ZakR(Sk) < max Zakf (S’“ |X(Sk ) (9) N ;
_ P(:Eh ,wn) SZj:i-}-lh(Zk:lgkijk+ZJ‘X7:+17""X")
wherea,, > 0, k =1,..., K are arbitrary weights. - h(Z))
Proof: From (14.313)-(14.330) in [8, p.446], for any = ,
Sk, k=1,2..., K, we have < i b (Ch 900X + 25| Xia, o, X
s S5) | 4 (SE k n
RO < I(XG YV IXgY) + e (10) - S hZ))
whereQ is a random variable uniformly distributed on the sewhere in the last inequality, “=" holds i, is independent
{1,2,...,T}, andel”) — 0 asT — cc. (Note thatQ only of all Xj, i =1,...,n— 1. Therefore, by (13),
depends oY’ and is independent df.) n—1
A weighted summation of (10) gives SRS < ; 14
g ( )g Za _P(ilf-lll?;(rnlza Z ( )
K 1= Jj=i+1
akR(Sk) < ag I X (Sk) Y(Sk)|X Sk)) OékG(k) i
Z Z e (S Xk 2 X X Zal S iz
k=1 i=1 Jj=i+1
which leads to (9) immediately by lettingf — co. ] ) ) )
Now, consider any(z1, ..., x,_1) with E||X;]|> >0, i =

Remark 3.1:The bound (9) is in general tighter than ap-

plying the single cut bound (8 times on the subsets 1 ---»n — 1. Define the correlation matrix of the vector

T
Sk, k=1,2..., K, which leads to (X1, Xp1) ™ by
711 Y12 T T1,n—1
ap RS < ap max T(XR),y (S xS0 Vo1 Y22 Y2m-1
Z g Z £ e, I X I = . . .
Now we turn to the wireless network with power constraints ' ' :
defined in last section. Consider the following subsets: Tn—11 Tn-12 *°° Tn-1n-1 T
X1 Xl
S;={1,...,i} C N, Vi=1,2,....,n—1, 11 — —
-9} an VEIX. P VEIXI?
and we have the following theorem. = E : : (15)
Theorem 3.1:Considering then — 1 subsetssS; defined X1 X1
in (11) simultaneously, we have the following bound:
(11) y 9 EXp—1]]? B[ Xp—1]?
Z where ()T denotes the conjugate transpose. Note fhas
o R max max . . L ,
{sz>0 ST Pee<Py} {dre€[0,2m)} different from the covariance matrix sincg;’s may not be

zero-mean.
For any two complex random variabléX,Y) € C?, let

. 2
i szzl 9ie,j V/Pre €19
Za Z log | 1+ 2

=1 j=it1 j Var(Y|X) = E[|Y -E(Y|X)[]’|X] and
EXY*
(12) VXY = —em————
E[X|]2E[Y]]?
wherea; > 0, for: =1,...,n — 1, are arbitrary weightsP;,

) . h O* h j . F he A i
is the power constraint of nodec ', ando? = E||Z;(1)|2 where(-)* denotes the conjugate. From the Appendix,

for j=2,....n. E[Var(V|X)] < (1 = [lvxv [*)EIY]® (16)



with “=" holding in (16) if (X,Y) is circularly symmetric

complex Gaussian distributed with zero mean (see [15, Sectwonstruct p(z1, . . .,

2] for the definition). Hence, we have

hY|X) < E{log[reVar(Y|X)]} a7
< log{meE[Var(Y|X)]} (18)
< log[me(1— v [PDEIVIZ]  (19)

where (18) follows from the Jensen’s Inequality, and “=" holds

in both the inequalities (17) and (19) (X,Y") is circularly
symmetric complex Gaussian distributed with zero mean.
Therefore, for anyl <i < j <mn,

Now, for any givenT' > 0 and P’ > 0, we specially
r,_1) as follows. Let¢ € Ct, i
1,...,n—1 beiid. zero-mean complex Gaussian distributed
with independent real and imaginary parts of the same variance
1. Let

n—1
X; = Z Nik€e/ P/
k=i

where{\;, € C', 1 <i <k <n— 1} satisfy

A1 0 . 0
i
)\12 )\22
h <ng,ij + Zj| Xit1,- - ,Xn—1> r= . . (24)
k=1 . .
i n—1 /\1,n—1 )\Q,n—l )\n—l,n—l
< min h ng,ij +Z; Z ﬁé”)X A1 0 e 0
@‘(llyj)ecl k=1 g=i+1 A2 Moo s 0
q=i+1,....n—1 «
< min  log (20) :
() e
q:f—%—l,“e.,&;—l )‘l,n—l )\Q,n—l )\n—l,n—l
2
9 with A\;; # 0 for i = 1,...,n — 1. The decomposition (24) is
e (1 - ||7(i,j,ﬁfi{),...,ﬂff;jf)” ) E Xk + Z; possible sincd” is a positive definite matrix.
For this special construction ofX;}, we can choose
where ﬁém) €Cl g=1i+1,...,n—1 such that
Va3, 887 B Zg Y Z Bl X, = Zg Z)‘ ¢ \f
; * ki Xk — k,j ke&e
E (Zk:l Gk, Xk + Zj) (Zq i1 ﬂ( ) q) g=it1 =1
\/E Hza .y n—1 ﬁ which can be easily checked noting that # 0 for any i =
k=190 a=i+1 0" X 1,...,n — 1. Hence, for the terms in (20), we have
Let P/ := E||X;||?. Define vectors?’ := (P{,...,P._;)T _ B
andg? := (03,...,02)T. By P’ > 0, we mean that alP! > - )
g 2 0n h Xy + Z (6.9) X
0,i=1,...,n— 1. It is easy to see that in (20), the bound ng’j LR _Z: g

minimized over{ﬁqi’j) €eRL,q=i+1,...,n—1} only

depends on, j, P', 0%, G = {g;;} andT = {~;;}, and thus

can be denoted by

Bi,j (B/,Q2, G7 F) . (21)

Therefore, by (14),

iai +Zazzh )

=1 j=i+1

< sup Zal Z Bza

P(@1, @y 1) 1 1
pso = J=it

JGF)

n—1

= supmaXZal Z B; ; B o? GF)

!
£'>0 =1 Jj=i+1

Zaz Z Bz] ESy

j=i+1

(22)

',0% G,T) (23)

= sup sup
P'>0 1">0
where

p(xy,...,2,_1) via P" andT, and, noting that" by the defi-

nition (15) is nonnegative definite, (23) follows by restricting B,

I" to be positive definite.

k=1

—h(ZgMZm@fw) (25)
k=1

and

(26)

5 o, -
q=1+1
s |2 E

where the equality in (26) holds since “=" holds in all the
three inequalities (17), (18) and (19) with

ng]Xk+Z

2

log | e ( ||’y(” B, Xk +Z;

.....

i n—1
Y= ng,ij + Zj, X = Z /By’j)Xq.
=t g=i+1

(22) follows since the bound only depends ohherefore, by (20), (21), (25) and (26),

( / QGF <h<zgk32)\kg§g\/7+z>
k=1



Hence, by (23), we have Define subsets; := {1,...,i} andS;" := {i+1,...,n},

n—1 fori =1,2,...,n— 1. Then it is easy to see that the total
ai RS < sup Sup al achieved transport is
— (@it1 — a;) (R(S;) + R(Sj)) :
(ng,gzx\u&\/ +Z> Zaz Z h(Z ;
k=1 =1 Jj=i+1 _
ol n Hence, applylng Theorem 3 1 twice 0~ (a;41—a;) RS
= sup sup Z a Y and on>>""!(a;41 —a; )RS, we have the following bound
£>0I>07 j=it1 on the transport capacity (usmg the inequalitg(1 + z) <
xlog e for x > 0).
E HZk 19k, Zf K AbeSey/ P+ Zi Theorem 4.1:The transport capacity is upper bounded by
E[Z[? oge 12
n—1 n
Ct < max —— iyl — Q; 28
= sup supZai Z {Pie, $re} 02 i:l( i ) (28)
P>0r>03=3 57 1 e
not el(Ok;+dne) Pre
i ¢ 2 V e
D=1 sz:l gk,j)\klx/P;éH x4 Z (a; — a)®
log | 1+ 5 . (27) j=i+1 =2 |lk=1 J
gz
! I [ R T vl
By (15) and (24), we have that for any, + Z Z Z (ax — a;)?
=1 =i |lk=e+1 J
Z I Akell? = i = 1. where ¢, € [0,27), and P, > 0 are real numbersl(<

k, ¢ < n, andk # £) satisfying the total power constraint:

Also note that the power constraints ensure that

P, <Pi+e, Ve>0, fork=1,....n—1. Zmax{ > Pk@vzpké}<Ptotal (29)
l=k+1

Hence, by (27), we finally have

or the individual power constraint:

Z oziR(Si) < lim sup max n k-1
— {er—=0} {0< P <Prter} {050 IAnell2=1} max Z Py, ZPM < Pnds Vk=1,...,n. (30)
1 i ¢ -1 l=k+1 (=1
nz Z 1 1 4 ZZ=1 sz,‘:l gkﬁjAke V PkH
(6]
— j=it1 & UJQ- A. Expected Upper Bound with Random Phases
o1 In this section, we develop upper bounds on the transport

max max ZO‘” capacity under the assumption that the pha¢eés} are
{z“ ! Py <Py} {dne€l0,2m)} random variables, but are known to all the nodes, so{that}

; . Ik can be designed based ofy;}. We assume that these random
- 1 D=1 szz1 Gk,j V Pre €9 variables{6;,} are all uniformly distributed ofp, 27) and also
Z og | 1+ o2 independent of each other.
j=i+1

First, by exchanging the order of summation, the bound (28)

where the last equation follows by lettinB,, = |[\.|[2P, Can be rewritten as
and ¢, be the phase ofy,. | loge

Cr < max 5
{Pre, dre} O
IV. ONE DIMENSIONAL NETWORKS

) ] n n—1 n -1 3 O+ b 2
Consider a Gaussian networkeihodesV = {1,2,...,n} Z Z (aip1 — a;) Z Z % VP
on a line, with coordinates; < as < --- < a,,. Let p;; be the pe SleE (g-a)y
distance between Nodeand Nodej. Thenp;; = |a; — ;. w1 ; L 9
With the constraint of minimum separation distangg,, we ' - < elOnton) /Py,
haved: 1 — 4. > pr. for anyi— - 2 D (am—a)d || X —— || (=
avea; 1 — a; > puin fOranyi=1,...,n— 1. — ]| Pt (ar — a;)
1055 - - -
Let the gains b = —, 1 j for somed 2
g @lj 7 7é J > 0 loge n n -1 ei(el”jJr(z)”’[)\/m
and 6;; € [0,27), in the model (1). (The results for one- WX W =5 ZZ(%‘ —ag-1) (a; — ax)?
ke Pre =2 j=¢ k=1 J k
dimensional networks as well as others considered ug subse
. 2
guent sections extend trivially to the case where:= nol " elitone) /Py,
'j + Z(a£+1 —aj) Z " lan—a) (31)
for some pre-constani. Let E|| Z;(1)||? = o2 for i € N. =1 j=1 k=(+1 k%




Using the inter-independence {;;}, we have the following factor if the coefficients of all the®, in (33) are uniformly
bound: for anyl < k,p < ¢ -1, bounded by a constant. That is, we need to show that the

]Ei (iOns+ue) Py =i it on) /Py following terms are uniformly boulnded.
(a; — ax)? (a; — ap)°® 1) _ ae 1)?
Z 5| o Vi<k<e<n,
n ik o—i0p; b1 | =t (aj — ar)?(aj — ap)

<E Z(aj —ag-1) (@

=t

5 VPPt

i —ax)® (a; —ap (34)

N

ik i (a0 — o) Vi</li<k<
" (aj — ap_1)etie 10 a2 (a. —a2e | = SN
< B\ =i o VPV porn =1t m e =)
j=t 7P (35)
[ n H To this end, first, for6 > 5/4, we have the following
=1 (a _26‘” ) PPy uniform upper bound for all the terms in (34):
=t (a; — ar)*(a; — ap) _ 1
L . -1 n 1 1 2
- 1 o 9
< Z (aj — azfl)g Py + sz ' 1§r7£13l?{§np:1 ;(aj a671> (aj — ak)26 (aj — ap)26
N =t (aj — ar)®(a; — ap)* 2 o : 1
) — [ 1 1
Hence =
1 2 lrileag"; ; (aj — ar—1)?=2 (aj — ap)?
I
— 1 P (a]— — ak)6 _ — n 1
N S hax Z _ 25—2
Z Lot . 1<f<n — (a; — ar—1)
n el(ij-HZf%é) Pro p=1 | j=¢
=SSR ) o ;
k=1p=1 j=¢ aj — k y 1
y e iOpitone) | /P, (a; — ag 1)%((1@ —a,)® 3
(a’j - ap)5 —1 1 n 1 %
1
—10-1[ n 12 < max
< 2:1 ! (a- — ag,1)2 Py + sz 1<Z<np 1 (ag — ap)5 3 = ( — Qy— 1)267%
T Ea | (4 - a)P(ag - ap)? 2 s
- 0 @ 1 = 1 " 1
2
£-10-1 n (aj _ a£—1)2 = 21 1<Z<nZ (f — p)‘s*i Z (] -/ + 1)267%
= 2 a5 | Dre (32) min p=1 =t
oo |2 (e —an)* (g — ap) 1 3\ % 1
L i (2) 1 6—3(20—5\° 1 (40—1)(46—3)2
And similarly, wn 0= \20-53) Rt (40-5)3
¢ " elOkitere) /Py, ? where the mequalit)(a) follows from the minimum distance
EZ(az+1 —aj) " (an — a;)° constraint, and the inequality) follow from the fact that for
J=1 k=t+1 ’ . any reala > 0 and > 1,
n n £ 2 00 00
(a“_l — aj)2 1 1 / 1 1 1
Pyp. < —+ ——dr < -+
;; g (ar — a;)P(a, —ay)@ | 2t )’ ~ Py Gatap T a5 1>aﬁ(—316 )
Therefore, by (31), we have Similarly, we can prove that the same upper bound holds for
loge all the terms in (35). This leads to the following theorem.
ECT < 08¢ (33) ,
TSR T2 Theorem 4.2:Let the phase$6;;} be independent of each
1 other and uniformly distributed o0, 27), but their real-
Lt O I (a; — ap—1)? izations are known to all the nodes. Under the total power
ZZ Z (a; — ax)?(a; — ap)?0 P constraint, foré > 5/4, the expected transport capacity is
(=2k=1p=1 | j=¢ always upper bounded by the total power to within a constant
o . ) 1 factor: L)1
aﬂ+1 — a;)z ECT < 7oge I (37)
+ Py T 251 total
where
Now, under the total power constraint (29), we can show that 21(5) = 2(46 — 1)(46 — 3)z (38)

EC+T is upper bounded by the total powgy,, to a constant (46 —5)3



The following theorem establishing a linear scaling lawow the upper bound (40) can be weakened to
under the individual power constraint follows immediately by
noting thatPigtq) = 7 - Ping- oge

Theorem 4.3:Let the phases6;;} be independent of each €T = (P 952 Z(a”l — ai)
other and uniformly distributed of0, 27), but their realiza- =

1 n—1

tions are known to all the nodes. Under the individual power n, Al 1 “! 1
constraint, foro > 5/4, the expected transport capacity is x Z Z (a; — ax)? (a, 7%)5})’@@
always upper bounded by the number of nodee a constant J=itl =2 k=1 p=1
factor: i n-1 n n
_ 1 1
c1(0)loge + I Pes
ECT é 0'2p26 1 Pmd 'n (39) ; ; k‘;—l (ak - aj)(S [);—1 ((Zp — (lj)6
whereg; is defined in (38). loge | <2 2 " 1
= max (a1 —a) Y ———
{Puc} 207 Ez:;;i:zézl j:zi-&:-l (a; — ar)°’
B. Uniform Upper Bounds Irrespective of Phases -1
In this section, we consider uniform upper bounds on the x (a; — PM + Z Z Z Git1 —
transport capacity for all possible realizations of the phases p=1 " =1 k=t+1i=1
{053 . . , 1 i 1
Our first result, the following theorem, follows immediately X Z (ar—a;)0 (@ —a )5Pk-£
from the bound (28). g=1 R T e P
Theorem 4.4:The transport capacity is upper bounded by n -1 n -1
— max IOgB Z Z ((IJ — ag_l) Z 1 Pk[
log e G Py 20% | (=i =t (aj — ax)® el G ap)°
Cr < max — 5= Z(ai-H —a;) Z Z (40) ,
ke i—1 =it =2 n—1 n a —a n 1
- Py Y Y lemsnl
+ Z Z Z Pké {=1 k=¢+1 j=1 k J p=L+1 P J
k=1 (a —ay)’ J=1 t=i Lk= z+1 ar, — a;)° (44)

where the nonnegative poweks, (1 < k,¢ <n, andk # ¢) where the last two equalities follow by exchanging the order
satisfy the total power constraint: of summation.
n Now, under the total power constraint (41), we can show
max Pis, Pt b < Protal (41) that Ct is upper bpunded by_ t_he total powéTotaﬂ to within
Z { Z%:H ¥ Z ¥ } ot a constant factor if the coefficients of all t&, in (44) are
uniformly bounded by a constant. Hence we proceed to show

or the individual power constraint: that the following terms are uniformly bounded:
i n l—
Z thZPId <Pnd Ve=1,...,n. (42) (ajfal?—l) - 1 Vi<k<l<n; (45)
t=k+1 (=1 EPRY; e VAS SN
The bound (40) can be weakened by using the the following J=*¢ (a; = ar) p=1 (a; —ay)

4

inequalities: —a) &2
, Z(f”l “){;) > ( )5,V1§€<k¢§n.(46)
_ _ _ - A — Ay ay, — a
a0 T “a)? a0
= (aj —ax) = (aj —ar)’ 2= (aj — ap) First, ford > 3/2, we have the following uniform upper bound
< — 1 - 1 Py + Py for all the terms in (45):
= ) )0
k=1 (a; — ax) p=1 (a; — ap) 2 " (a; —ap_1) § 1
1 1 el 1 1<ket<n — (a; — ay)’ = (aj —ap)°
= @) @ e )5ka (43) j= p=
k=1 k) =1\ P - (a; —ape—1) i 1
L . = Imax 5 5
and a similarly obtained one, I<tsniTy (a; —ae-1) - (a; —ap)
n 2 n -1
> e - S e
S (ar —a;)° 1<t<n = (aj —ap_1)0~ = (a; —ap)
n 1 n 1 (a) “l 1
S P}Cg. =~ max " N
k:;_l (ar —a;)? Rl (ap —a;)? 25n1 1<t<n 4 — 1))t ; (j —p)°



Let
20— 11<l<nz [7—( E—l

min j=£ 1 n—1 n i+1 [£—1 2
J—(=DF " G-Dl— (- 1P ==
< 1 [1 + 3 + L } Sincepy > 1, B(n, d) is a decreasing function of Therefore,

- ifigl 20—2  (0—1)(26 —3) we only need to show that for any< § < 3/2,
: : . : B(n,0)
where the inequalitya) follows from the minimum distance —, 0, asn—oco. (52)
constraint, and the last two inequalities follow from the fact . ) ]
(36). Although a little messy, the following straightforward cal-

Similarly, we can prove that the same upper bound hol@¥lations lead directly to (52). First,
for all the terms in (46). This leads to the following theoremB(n 5) >
Theorem 4.5:Under the total power constraint, far > T

. 2
3/2, the transport capacity is always upper bounded by the 1 it an &
1201 Z Z Z | =
+1

total power to within a constant factor: (n—1)p
0 i= (n/ﬂg =it+14=[j/2] k=1
c1(0) loge i1 o—1 2
Cr S —55—1 Dlotal (47) 1
a2pifln1 s 1)p35 - Z Z Z /O G=2) de| .
1=[n i+1
Where [n/2] j=i+1e=[j/2]+1
3 1 Sincej — (¢ —1) < j/2forany[j/2]+1<{<i+1, we
=21 . 4
c1(9) L+25—2+ (5—1)(25—3)] (48) ~ have

The following theorem establishing a linear scaling law H—l -1 2
under the individual power constraint follows immediately by [/ 1
setting Potal = 7 - Ping- (= U/QPrl 0

Theorem 4.6:Under the individual power constraint, for 1+1
d > 3/2, the transport capacity is always upper bounded by = { i g 1
the number of nodes to within a constant factor: e=[j/2]+1 il Al Gyl

Or < 0)loge 49) _ ! i
TS g (6 - D[2(j/2)]°
X . . i+1 2

wherec; is defined in (48). > Z { 1 (1 _ 1 ) : }

Next, we show that§ > 3/2 is almost the weakest (6-1) 2071 ) [ — (L= 1)t

e=[j/2]+1

requirement for any linear scaling law that we can prove with 9 i+l
1

Theorem 4.1. That is, we will show that for afiy< 3/2, under _ 1 <1 o1 > Z
the individual power constraint (30), there exists a topology (6 —1)2 201 =(73141 [j— (£ —1)]20=2
a; < ag < --- < a, Of the network, and6;;}, such that the 2
right-hand-side (R.H.S.) of (28) is not upper bounded by the > 1 - <1 _ 51 1> / % dr  (53)
number of nodes to within any constant factor, i.e., 6—-1) 207 rjj2) U —]?°
R.H.S. of (28) = a1 (6) [(G = [3/21)*7%° = (j —i)* %]
——— — 0O, asn — oo. (50)
n where
Consider anypy > max{pmin,1}. Let a;11 —a; = po, i = 1 1 \2 1
e, — i = L ] = 1-—- .
1,2,...,n—1, and letd;; = 0, Vi # j. Choose aq(9) G- ( 251) G- >0
Py = Pidl and ¢, =0 forall k+#/, (51) Therefore
n—
1
where it is easy to check that the individual power constrain(n,9) > ————5— a1(9)

(30) is satisfied. For this choice, the R.H.S. of (28) simplifies (n l)po

° 2 Z Z (G = T3/21)>7%0 = (G —)° 7]
Ppngloge toRE 1 i=[n/2] j=it1
e S S 5 Bt o

(n Po j=i+10=2 Lk=1 (n—1)p2~ i

Y

i n—1 n 2 n—1 n
1
Dy pog } > Y (0a-rrr -0 6
j=1 =i Lk=t+1 i=[n/2] j=i+1
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f\gzlntapproxmatlon of a summation by an integral in (54) | et the gainsg;; = ——, i # j for somes > 0 and
eads to
9;; € [0, 27) in the model (1) SeE|| Z;(t)||* = o? fori € NV,
Z Z (/2 —1)372 — (j —i)>~ %] We order the nodes horizontally and vertically as follows.
i=[n/2] j=i+1 Let (uy,ua,...,u,) and(vy,ve, ..., v,) be two permutations
n—1 " nal of (1,2,...,n) such that
3-26 o \3—26
= 4_;21 |:/pr1(x/2 - 1) do = [Jrl (I' Z) dl’:| Oyy < Qyy <00 < Ay, and b, <b,, <--- < by, -
1 n—1 Fori=1,2,...,n — 1, define subsets
_ _\4=20 _ o1(s _q14-26
T 4-25 Z {2(n/2 D) A6+ 1D/2-1] A7 = {u, . u), and Aj = {Uig1,. . un}
i=n/2] B; = {7)1,...,7},‘}, and Bj = {Ui+1,...,1)n}

4—26
—(n+1-14) - 1} Then it is easy to see geometrically that the total achieved

5-26 n 4-25 transport is upper boundedy
> 1 2(9—1) —/ o [EED ] g
4-26 tn/2] 2

n—1
—/ (n+1—2)*2de 41
[n/2]—1

n—1

Q=2 (s ) (RAD) 4 R4

*Z B (R(B;>+R<Br>>

1 1 5-26 1 1 5-26
Z4—25{24—26(”_2) "oz m Y
1 5 d also is | bounded V20
- 26(,”7 (/2] +2)d25+1} and also is lower bounde by;Q.
- Hence, applying Theorem 3.1 four times oA; :=
> 1 {4125 (n— 2)5—25 _ ;%25(”, 1)5-2 {ug,...,u;}, on AF = {uiy1,...,u,}, on B; =
4—26 |24~ 5—20 2%~ {v1,...,v;}, and onB; := {vi}1,...,v,}, we have the fol-
1 1 (n+ 42 41 lowing bound on the transport capacity. We use the inequality
5252525 log(1 + z) < zloge for z > 0.
— as(O)n % 4 o(1) (55) Theorem 5.1:The transport capacity is upper bounded by
n—1
1
Where CT S max %26 (an+1 - a’ui) (56)
@) 1 { 1 11 11 } (Pupug bupue} 0% =
(%) = — — -
4-25 | 2420 5_-2§24-20 5_2§25-2 no i+l iy +dugn,) 2
WOupu, upup /P
> 0. Ut
Finally, by (54) and (55), we obtain that for afy< ¢ < 3/2, I=
2
B(n,9) 1 o L& ¢! *"’“W\/Pu,u
—> a1(8)az(6)n°~2° + o(1) -|— b
= 5— aq 2
— 00, asn — oo. loge
. + g2 Z Vit1l U,b
The above example shows that only with Theorem 4.1, {Pvm ”k"é} g
under the individual power constraint, we cannot expect to it ei( vkrvﬁ%kw) 7
prove that the transport capacity is always upper bounded by Z Z Z ' - Uk Ve
the number of nodes to within a constant factor for any j=it1 =2 |[k=1 Pujv;
6 < 3/2 . . . . i n—1 n i(avkv-"'(ﬁ; v ) P/ 2
As a fringe benefit, it also shows that with only Theo- Z € TR
rem 4.1, under the total power constraint, we cannot expect to iyl | My P,

prove that the transport capacity is always upper bounded by

the total power to within a constant factor, for afiy< 3/2.  Where ¢,,., € [0,27T), veoe € [0,2m), and Py, > 0,
P} ,, = 0 are real numbersi(< &,/ < n, andk # /(
V. Two DIMENSIONAL NETWORKS satisfying the total power constraint:
Consider a Gaussian networkofodesV = {1,2,...,n} n n k—1
X X ) b ) <
on a plane, with coordinates;, b;), i = 1,...,n. Let p;; be 2=t 8 2t P }f i P“’””} < Potal
the distance between Nodeand Nodej. Then > p—; max Z?:kﬂ Pl o, qum} < Potal
(67)
pij =\ (@i —a;)? + (b = ;)2

With th traint of mini ti dist 1An exact expression for the achieved transport can be obtained by random
I € constraint or minimum separation aistantg,, We  cyis omni-directionally on the plane, as in [11] and [16]. But here, for the

havepij > pmin fOr anyi # j. application of Theorem 3.1, the nodes need to be ordered.



or the individual power constraint: For all=1,...,n,

n k—1
max Z[=k+1 Pukug s =1 ]Dukug} < Pind

n ’ k 1
max Z(:k+1 kaw ’ P

(58)
vkvg} S Pind

A. Expected Upper Bound with Random Phases

In this section, we determine upper bounds on the transport

capacity under the assumption that the phagés} are
random variables, but are known to all the nodes, so{that}

can be designed based o }. We assume that these random p=1|j

variables{6;;} are all uniformly distributed orj0, 27), and
also independent of each other.

Similar to the one-dimensional case (31), by exchanging the
order of summation, we can rewrite the first part of the R.H.S.

of (56) as,
. 2
n—-1 n_itl |61 61(9%“,].+¢>uw>m
D (us —au) 3L DD
i=1 j=i+1£=2 |[|k=1 Puu;
-1

n n € 'uku +¢uku[) ukug
=22 (o, —au) |3 .

=2 j=¢ k=1 puk%

Then similar to (32), using the inter-independence{6f; },
we have the following bound:

. 2
n -1 el(auku_ﬁmkw)m
]E E (au] aug 1 E F) —
Jj=t k=1 Puu;
1
0—10—1 9|2

Z au] Aoy 1)

Pypu,-
k=1p=1 | j=¢ fouku]pupuJ

11

to show that the following terms are uniformly bounded:

1

-1 n (a —a )2 z
% Vi<k<t<n, (60)
p=1 | j=¢ Uru; FPupu;
n ¢ :
(aqu — Oy )2
) ZW ,V1<t<k<n, (61)
p=C+1 | j=1 TURUTUpYy
1
/-1 n 2 |”
Ay. — A
Z% Vi<k<{<n, (62)
) p'UkUijpUj
n ¢ 2]?
Qyy — Qy
Z Z% , Vi<l <k<n. (63)

p=(+1 | j=1 pvkvjpvpvj

Towards this end, we will use the following bound: For any
nodei € N, po > pmin andd > 2

Pmm

1 (a)
d. 5=
JEN pij JEN pmln -7
Pij =po Pij=po
1
=rdrdf
(P} + 12 — 21“sz cos )2
< / / 5 pdpd9
meln —r p079111111 p
= 64
(6 — 2)pmm (pO /)mm )572 ’ ( )

where the inequality(a) follows from the observatichthat

foranyd c [-%,%] and0 < r < £gin,
1 1
5 2 3’
Pij  (pj; + 12 —2rp;jcos0)2

Similarly, we can obtain bounds for the other three parts in tla@d the inequality(b) follows from the observation that all
R.H.S. of (56). Therefore, as in the one-dimensional case (38)¢ open disks centered at nogles ' with radius 25 are

we have
1
loge n £—14—1 n 4 —a )2 2
U Up_1
or < g PSS IS ()
P“k“z =2 k=1p=1 | j=¢ pukujpupuj

n n 2

(auz+1 - auj)2
DOED DD D v

n—1
P“k”'f + Z 26 25
pukuj p'u.p'u.j

Pukug

(=1 k=ft+1p=t+1 | j=1
1
n £—1£4-1 n 2 2
loge (G"Uj = Qo 1) /
+ {g}ax} P E 5 955 25 VE Ve
v vp =2 k=1p=1 | j—t pv;‘ vj pvpvJ
1
n—1 n n 4 2 2
n Z Z (avz+1 - av;) P
p25 p25 VE Ve
(=1 k=t+1p=t+1 | j=1 FPosviPopu;
(59)

Now, under the total power constraint (57), we can show

that ECT is upper bounded by the total powEjy4 to within
a constant factor if the coefficients of all tiig, ,,, and P/

kU Vi Ve

in (59) are uniformly bounded by a constant. That is, we ne@addo < r < £xin, the length of the third side is no more thapy.

disjoint with each other.
Let 1;4, be the indicator function of the event (defined
to be one ifA is true and zero otherwise). Fér> 2, for any

1<k#p<{<n,we have
= , 11

Z(a% — Gug ) 5

=0 Uk Uj pup U

—Z 25226

Puru; pupuJ

225226

Puru; pu,,uJ

+Z 262 26

Pugu; pupuj

_Z 45 2 {puku Pukup

Puu;

5 LN pupu, <pupu;}
{pukuj Spupuj }
{l)u,k uj Sl)u,pu,j 5 I)uku]» Zpuk.uP}

{puku SPupuyy Pupuj<Pupup}

1
2252

j=p Puru; (Pukup/Q)

2Consider a triangle witlp;; andr as the lengths of two sides, Wlth an
angle 6 between them. Then the third side has a Iengtr(pﬁ +r2 -

2rp;; cos §)1/2, by the triangle formula. Whepi; > puin, 0 € [—

4’4



® 32 1
= _ 2 min | 404
e )
R 1 1
_ 2 min | 204 20
(26 4)pmin (pmin - pT) (pulcup/2)
8 1 245 1
— 26—2

= +
(5 - 1)pr2nin ( (6 2)pm1n pukup

where the inequalitya) follows since(a.; —a,_,) < (au, —
Quy,) < Puyu;, @and the inequality(b) follows by the bound
(64). Similarly, we can prove the same bound for

1 1

2
- aw.—1) 25
puku] pupu,

. 46—4
Lrgin )

pukup

n
> (o,
j=t
Hence, we have

n

Z(a“j

Lpuyu;>pupu;
kYj pUyj

el L
Que_1) 55 35
pukuj pupuJ-

j=t
<16 1 210! !
T (56— l)p?nin (pukup o %)46_4 (0—2)p 121(1$1n2 p“k“P

Therefore, ford > 2, we have the following uniform upper

bound for all the terms in (60):

(-1 n 1 1 2
i Z (@u; = au,,) 026 )28
Sh< *npzl j=t pukuj pupuj
1
- 11|
2
= max (Qu; = Q) 55— 55—
1<k<t<n 1<§_1 ; j P%kuj P%puj
pEk
1
n
1 1
+ (au] - a’ul,—l)Q
j:€ pukuj pukuj
1
TR [ 16 1 :
= x 12 151
1Sk<£§n1§p;;:1 (0 —1)pz ., (Pug, — 222)
p
) }
24§+1 1 2 Z
max
(6 - 2)p121ir12 pukup 1<k‘<€<n .y Pﬁi uj2
4 1
= max T : 55-3
Lsk<tsn | (8 = 1) pmin 15”552;71 (pu;cup - pm%)
P
1
225+% Z 1 Z 2
‘o7 — ¢+ max 45 5
(6 - 2) Pmin 1<p<e—1 pukup 1<k<t<n j=t pukuj
pF#k
(2) 4 128 [ 1 1 n 1 o
B (5 - 1)%pmin pr2nin 20 —4 (%)26_4 20 -3

. 1
Pmin 22(5-‘1-5 32 1

2
- +
Pmin 253:| 1 6-1 2 . min 0—2
( 4 ) (5 - 2) 2 pmln (5 2)'Dm1n (pmin — £ 2 )

32 1

1

2
+ — 5 . 454]
(4(5 4)pmin (pmin - Pme)

12

246

(6 —1)2(6—2)
945+2 935+% 926—1 1
+ 1 + 3 + 1
(6-12(26-3) (6-2)% (6-1)7 | i’

where the inequalitya) follows from the bound (64) and the
following bound:

1
Z m)262

1<p<ri—1 (pukup -
p#k
l<p<[ 1 pmm —
p#k
L drdf
rar
(02, + 7% = 27 puyu, cOS )5 — Lin]20-2
64 /77 /°° 1
< —————pdpdf
7Tp12nin - min—% (p_ %)20_2
128 [ 1 1,1 fain
pr2nin 26 _ 4 (przin )2674 25 3 (pmm )2573 ?

which follows similarly as (64), but with smaller disks of
radius 2=

Similarly, we can prove that the same upper bound holds for
all the terms in (61)-(63). This leads to the following theorem.

Theorem 5.2:Let the phaseg$6;,} be independent of each
other, and uniformly distributed off0,27), but with their
realizations known to all the nodes, i.e., all channel state
informations (CSI) are known to all transmitters and all
receivers. Under the total power constraint, for> 2, the
expected transport capacity is always upper bounded by the
total power to within a constant factor:

d)loge
ECr < % Piotal (65)
where
246+2 24(5+4
c2(0) = ; + 1 (66)
(6—1D20-2) (6—1)2(20—3)
N 930+ . 925+3
(6—-2)%  (6§—1)2

The following theorem establishing a linear scaling law
under the individual power constraint follows immediately by
noting thatPyig) = 7 - Png-

Theorem 5.3:Let the phaseg6;;} be independent of each
other and uniformly distributed or0, 27), but with their
realizations known to all the nodes, i.e., the information states
of all channels are known to all nodes. Under the individual
power constraint, fod > 2, the expected transport capacity is
always upper bounded by the number of node® within a
constant factor:

C2(0) loge
2 25—1

min

ECT < Ping -1 (67)

wheree; is defined in (66).
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B. Uniform Upper Bounds Irrespective of Phases following terms are uniformly bounded:
In this section, we develop uniform upper bounds on the O, ) =1y
transport capacity for all possible realizations of the phases Z p ' Z I Vi<k<{<n, (71)
ont N
. . . L n
The following theorem follows immediately from the bound " 1
wing WS | lately u Z(auul du) Z ——, VI<{<k<n, (72
(56). o = P 5 Pl
Theorem 5.4:The transport capacity is upper bounded by " ) 1
v; = Yup_ 1
Z(J “)26 , Vi<k<(<n, (73)
, g , Po . 5 o
loge n—1 n  i+1 j=e VEUj p=1 "VpVj
Cr < {]IDnax} o2 Z(a“i+1 — ay,) Z Z ‘ (byy., —by,) — 1
ke i=1 j=it1 =2 oL WL N~ VI<U<k<n (74)
i—1 pvka p=_£+1 pv,,vj

i n—1 J
Z e +ZZ PRE
=1 puku] 1= \k=raa pukuj By the bound (64), for > 5/2, we have the following
uniform upper bound for all the terms in (71):

-
loge < ok
- Y e71
o S0 [ £ 8 ST
e j=it1 =2 max s Z
) 1<k<t<n 4 Pu u pi Uy
/-1 P’ i n—1 n P’ j=¢t R p=1""r
Z v + Z m n
pg v pg v < max (a‘“J e 1) 32
k=1 kVj =1 ¢= k=(+1 k - :
J ’ Z : J (68) 1Sk<[§’"‘ ]:f pukuj (5 - 2)pmln
1
X [( - YV ot — @]5’2
where the nonnegative powefy, ,, andP, ,, (1 <k, ¢ <n, Gy — Quy_y ) V Pmin 2

and k £ ¢) satisfy the total power constraint: 32 a (75)

< max
= (0 —2)p?;, 1<k<t<n

k—1 n _ . __ Pmin 3—6

k=1 Max Z?*k+1 Pujue s 220-1 Pukuﬂ} < Potal Z [(a“a uy_y) V Pmin 2 ]
5

k 1 - Pusu;

Zk 1 max ZZ k+1 Ukvg? P’ukw} < Potal j=t ki
(69) n Pmin 1
or the individual power constraint: For a@ll=1,...,n, +Z s —
j=¢ pukuj [(G'Uj - a/ug,l) \ Pmin — %]

n k-1
< )
max ZZ:k+1 Puk.uz 9 (=1 Pul,ue} = ‘Plnd (70) Where for any:my c Rl, TV y = max{m,y}.
max {0 Pl k 1 pékw} < Pnd If 5/2 < ¢ < 3, then sincer,, —Ouy_y < Oy =Gy, < Puuy
Similarly to the inequality (43), we have foranyk < ¢ < j, the R.H.S. of (75) is upper bounded by

pukuJ =t pukuJ

-1 -1 -1 32 n puku pmm
P, 1 1 T max Tuguy s
Z @ < E: 5 Puruss (0 = 2) Py 15k<t=n 5 (£emin )6_2
pukuj — ) j=
n (/)m;n)3*5

w2 n n 32 1
(Z fﬂkﬂ@) = Z 51 Z 51 _P"ww T (0-2)p% 1<k<i<n JZ 25—3+Z ;

_y Pugu — Purw;
k=0+1 Puru k=0+1 Puu; p=_L+1 Puyu; =¢ Uk j=t kUj
2
P 2 1 2 (Z) [ 32 ] 1
VR Vg z , § S
,05 < g p5 pé I Vg VeI ((5 - Q)pmin [(au[ _ auz—l) V Pmin pl;m} 5
k=1 ViV k=1 VKV p=1 Fvpv; min — 5

2 Pmin 3-4 1
i P, - 1 " 1 +( ) — }
( > \/67> <D 5 > Pl 2 [(@u, — Quy_ ) V Proin — —"1;'"]5 2
. .

k=0+1 pvkva‘ p=~£+1 pUpUj 39 2 1 panin 35 1
< [ 2 } 26—5 + ( ) 5—2
(0= 2] (252) 27 (em)

As in the one dimensional case, we can substitute the above

inequalities into (68) so thafy is upper bounded by the total 2206

power Pty to Within a constant factor, if the coefficients of (6 —2)2 Pffml

all the P, ,,, andP;W are uniformly bounded by a constant.

That is, similarly to (45) and (46), we need to show that thehere the inequalitfa) follows from the bound (64).
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If § > 3, then the R.H.S. of (75) is upper bounded by It is easy to check that the individual power constraint (58) is
satisfied. For this choice, the R.H.S. of (56) simplifies to

6—3 n
32 2 1
— —— max Z n—1 no il /o1 2
(6 - 2)p§1m 1<k<t<n (pmin) - Pi w. Pind 10g € 1
= Hrg 8 S =) | 2 3 (T
9 \9 B i=1 j=i+1 =2 \k=1"urtj
+(p) > R
DRI
(a) |: 39 :|2 2572 1 j=1 =i \k=(+1 p“kuﬂ
< , 2
— 2 5—3 . 70—2 m—1 m m i+1 m —1 m
(6 =2)piin] P33 [(aw — Quy_ ;) V Prmin — p"“T"] ~ pobingloge Z Z Z = Z (Z 1 )
_ 5— - 2 42 )
< [ 32 2 902 2 2 _ 220+6 mso im1 | jmitl jr=1 0=2 =1 \k=1 k=1 P(k.k),(5,5")
B (5 - 2)p?nin P(S_'g Pmin (5 - 2)2P26'_1 i m n—1 m n m 2
min min 1
where the inequalitfa) follows from the bound (64). +Z Z Z < Z 5>
Similarly, we can prove that the same upper bound holds =15'=1 1=i /=1 \k=t+1 k=1 P(k.k"),(5.5")
for all the terms in (72), (73) and (74) P m—1 m m i+l m
This leads to the following theorem. = LOQ%: 3
Theorem 5.5:Under the total power constraint, far > m2a?pg i=1 | j=itl j=1 =2 =1
5/2, the transport capacity is always upper bounded by the 1 m 2
total power to within a constant factor: ( Z 1 I
s
co(8) loge i [k =3)2 + (K —j')?)2
Cr < ZOEE pg ey e :
min 1
D22 X X o
Where (6) 225+8 (77) j=1j'=1 £=i £/=1 <k=e+1 k=1 [(k - j)2 + (k/ — ]/)2} 2 )
Co :

T (-2
The following theorem establishing a linear scaling law me1 m m 4l m
under the individual power constraint follows immediaterB( 1
m,0) = ——5s—
from Ptal = 7 - Png- m2p20=1 Z Z Z Z Z

. . . i=1 j=i4+1j'=1¢=2¢0'=1
Theorem 5.6:Under the individual power constraint, for = !

2
d > 5/2, the transport capacity is always upper bounded by (ei i 1 >
S (k=2 + (=523

the number of nodes to a constant factor:
Cr < % Ping -1 (78) Sincepy > 1, B(m,d) is a decreasing function af. There-
Pmin fore, we only need to show that for aly< § < 5/2,

wherec; is defined in (77). B(m, )

Next, we show thatdé > 5/2 is almost the weakest ——~ — 00, asn— oo. (80)
requirement for linear scaling law that we can prove with no ) )
Theorem 5.1. That is, we will show that for afiy< 5/2, under Sw_mlarly to th_e one dimensional case, straight-forward calcu-
the individual power constraint (58), there exists a topolod@tions lead directly to (80), as follows:
of the network such that the right-hand-side (R.H.S.) of (56) FIrst
is not upper bounded by the number of node® within any 1 m-1 m m itl m

constant factor, i.e., B("%‘;)ZW DD DY

R.H.S. of (56) PO imm/2) =i =1 e=/2) 41021
—— > 00, asn— oo. (79) i—1
n <

2
< 1
Choose anypy, > max{pmin,1}. Consider regular planar Z [(k—j)2+(k;’—j’)2]%
networks with separation distangg, i.e., » nodes arranged S,

with coordinates > 1 o> > >
- 256—1

(ipo,jpo) fori=1,....mandj=1,...,m i=[m/2] j=i+15'=1¢=[j/2]+1£'=1

where the integem satisfiesm? < n < (m + 1)2. The other moopt=l 1 ?
n — m? nodes can be placed arbitrarily and they won’t be /0 /0 m dady
counted in our calculations. Lét; = 0, Vi # j. For any two T i

different nodes(i1, j1) and (iz, j2) (we denote the nodes by _ 1 Z Z Z

their coordinates), let 20-1

Ping

P(il1jl)a(i27j2) = 3 and m  pl—1 1 2
P _ ¢m Y —0 / / T o 21 dedy | . (81)
(i1,31) (i j2) = Plin,in)(izogz) = Pliy n) (inrga) = O- o Jo [(z—7)*+y?2

0 i=[m/2] j=i+1e=[j/2]+1



For any/ < j < m,
1
——dzdy

m  pl—1
/0 /0 [(z — 5)2+ 9?3
/4 ks
/0 [co’itl
/4 pj 1 1
> - dp'd
- /0 /j—£+1 (p'/ cos )2~ cosf P

[/
0 j—0+1

1
BEEEECE) [(j —r1E j“} |
Then, sincej — (¢ —1) < j/2forany[j/2]+1 <{<i+1,

>

1
E pdpdf

1 1
B ——dpdo
(V2)b—2 P
T 1

we have
it1 m =1 1 2
2 [ / / T
0=[j/2]+1 0 0 [((E _j) +y ]2
2 i+1 2
- 25/2+1(5 _ 2) (j —/+ 1)6—2 J6—2

e=[j/2]+1

et (-55) [y
= 25/2+1(5 — 2) 26—2 o=[j/2] (.7 _ x)26—4
= a3(0) [(5 = [3/2)°7% = (j = 1)° 7]

where the inequalitya) follows similarly to (53), and

s (6) = {25/2“7(5—2)]2 <1 - 251—2)2 G _125)

Again, similarly to (54)-(55), we have

dz

> 0.
(82)

m—1 m

S G127 =G -

i=[m/2] j=i+1
> ay(0)m" =% + o(1)

where

(0= 555

> 0.

1 1 11 11
26-26 7 _2§26-20 7 _2527-%

}

Therefore, finally by (81), we obtain (80).
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ord > 3 for one-dimensional networks, even if all nodes
have full information on all channel state information such as
all random phases. This also has implications for the ergodic
transport capacity of wireless networks over fading channels.
It is interesting to know how far these bounds ércan be
decreased. Furthermore, for any realization of the phases, the
transport capacity is uniformly upper bounded by a multiple
of the total of the transmissions powers of all the nodes when
§ > 2 in the two-dimensional case, @ > 2 in the one-

2
dimensional case. But this cannot hold truejic 2 in the

two-dimensional case, ar < 1 in the one—dimensiénal case,
as demonstrated by the multiple relay networks constructed
in [10]. What happens in the transition region in the interval
3 < § < % for two-dimensional networks, of < § < 2

for one-dimensional networks, is still open. These appear as
fairly challenging issues given the present state of knowledge
regarding upper bounds in network information theory. It is
also useful to sharpen the pre-constants, since they specify, for
example in the latter case, the energy cost to be irreducibly
paid for a single bit-meter of transport in any wireless network,
and thus a fundamental constant of much interest.

APPENDIX
PROOF OF(16)
The proof idea follows from [14, p.37], which also appeared
in [13]. First,
lvxy [PEI X |”E[ Y] IEXY ™|
IELXE(Y X))
E[| X |*EIEY X))

IN

where the last inequality follows from the Cauchy-Schwarz
Inequality, and “=" holds if(X,Y) is circularly symmetric
complex Gaussian distributed with zero mean. Hence,

The above example shows that with only Theorem 5.1,

under the individual power constraint, we cannot expect

prove that the transport capacity is always upper bounded b
the number of nodes to within any constant factor, for any . ussian distribut

d<5/2.

As a fringe benefit, it also shows that only with Theo-

lvxy IPEIY]? < E[B(Y]X) (83)

Furthermore,

E[[Y[* = EE(|[Y]*|X)]

= E{E[|lY - E(¥|X) +E(Y|X)|?X]}

=E{E[|]Y —E(Y|X)|*|X] + [E(Y|X)|*}

= E{E[||Y - E(Y|X)|]”|X]} +E[E(Y|X)]? (84)
Therefore, by (83)-(84), we have
oE{E[lY — E(V]X)|?|X]} < (1~ [lxy [DE[Y]*  (85)

where “=" holds if (X,Y") is circularly symmetric complex

ed with zero mean.
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